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I. m y .  A: Math. Gen. 27 (1994) L213-Ul7. prioted in the UK 

LETTER TO THE EDITOR 

On parasupersymmetric Hamiltonians and vector mesons in 
magnetic fields 

N Deberght 
ThemWical and Mathematical Physics, Inslilufe of physics, B5, University of Liege. 
B4WO-Li&ge 1, Belgium 

W i v e d  31 January 1994 

Abstract A new Sakata-Takemi equation describing v e ”  m n s  in in” ‘on with 
a constant magnetic field is pmposed. It leads U) real energies as opposed to relafivistic 
equations, which have akeady been pointed out, associated with this particular interacting 
context. In particular, the coMection between this new pmpsal and a specific model coming 
from parasnpersy”eI3ic quanNm n ~ ~ h a n i c s  is SNdied. 

Relativistic descriptions of vector mesons have been considered for a long time. For 
example, it is we11 known that free vector mesons are specified through the Kemmer 
equation [l] 

IPP, -m)rl(x) = 0 (1) 

where, in the system of natural units, we refer to Minkowskian events x = {xJ’) = { t ,  I} 
through the metric tensor G = {g”” I goo = -g“ = 1). Moreover, the (10 x 10) matrices 
@, generate the Kemmer algebra 

@p@v@A f & h @ p  gpv& -k gAv& (2) 

The extension to the interacting context is not so easy. Indeed, the study of vector mesons 
in external electmmagnetic fields has been associated [2] with 

(@”n,-m+(l-@:)Z;;S,”F~~]~(X) e = o  
(3) 

generalizing (1) through the minimal couplig characterized by n, = p ,  - eA,, in terms 
of the fourpotential A(x)  = (A&)} and completed by the anomalous coupling in terms of 
the electromagnetic field F = (E, B) = [F,”), where 

(4) F&) = a p A v ( ~ )  - W p ( x ) .  

Here the matrix is defined through 131 
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while the spin tensor is given by 

suv = i[Bu3 B J .  (6) 
The relativistic equation (3), restricted to the constant magnetic field case (along the x3 

direction), can also be. presented on the so-called Sakata-Taketani form [4] 

i-p(x) = P~(x) a 
at  

0) 
taking account only of the (six) physical components, in terms of direct products of D(I) and 
Pauli-matrices. Going to the eigenvalues of the square of this Sakata-Taketani Hamiltonian, 
we obtain 

(8) E'= mZ+2eB(n + i) +2eBs n = 0.1.2,. . .. s = 0,&1 

as is easily verified if we limit ourselves to the so-called perpendicular part (i.e. in the plane 
(XI, X Z ) ) .  The key point is to notice that the non-relativistic l i i t  corresponding to (8) 

with eigenvalues 

is actually the parasupersymmetric Hamiltonian pointed out by Rubakov and Spiridonov [5].  
A specific feature of this parasupersymmetric model is the existence of negative eigenvalues 
(associated here with n = 0 and s = -1). This evidently leads to complex relativistic 
energies for suEciently large magnetic fields, as is clear from (8). confirming the results 
already noticed by Tsai [6]. 

We propose hcrc to eliminate this defect in the relativistic point of view by using 
another parasupersymmetric model. Indeed, it is hown that the Beckers-Debergh (BD) 
parasupersymmetric oscillator U] kindependent of the RubakovSpiridonov oscillator and, 
in particular, is characterized exclusively by positive energy eigenvalues. More precisely, 
the BD spectrum corresponds to (compare with (IO)) 

E m = + + ; ) + -  ;(: 0 1 _9) 0 . (11) 

The remaining point is just to provide in evidence a Sakata-Taketani Hamiltonian whose 
non-relativistic l i i t  would lead to such a spectrum. We thus suggest considering 

7.tsT = m(I @ uz) + -(IT: + n;)r @ (uz - iu1) + Z;;;(n: + n;)~: @ ul 
1 1 

2m 
i - (ll: + n;)l+ (z: +&A - %(nil' - ~ z ~ z ) ( $  - @ 01 

(12) 
i eB 

2m m - - ~ n l ~ z + + z a ~ ~ s l , ~ z t ~ ~ l  +-v. 
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The quantities n. = po - eA, (a = 1,2) have already been characterized through the 
minimal substitution, while the operators za = pa + eA. come directly  om Johnson- 
Lippmann [81 developments. It is sufficient, in order to justify (12), to notice that, in the 
free context, we have IT. = z,, = pa,  ensuring that 'Hm then reduces to the well known 
free Sakata-Taketani Hamiltonian. 

It also has to be understood that only the operators (lpm)(n:+n;), (1/2m)(xt+z,2) 
(corresponding to two independent oscillators), as well as their products, have known 
eigenvalues. Then, squaring the Hamiltonian (12), we are led to the following constraints 

{A, (St - S:) @ UI) = {A, {Si, Sz) @ 01) = 0 (134 

(13b) 
i 1 

2m 2m - -[(Sf - $1 @ 01. VI + 2(IS1, SzIB UI)A - -[Si, Sz) @ u3 = 0 

Next, in order to take the non-relativistic l i t ,  we have to impose 
(?in)' = ma + 2 m H ~  @ I. (14) 

Finally, eliminating the contribution of (IT: + na2, (?rt + z:)' and (n: + q)(zt + z:), 
we obtain 

E$ 0 0 
(15) 

where 

E% = E$ = w(n1 +nz + 1) - + w  a3 + -a4 + - + -(4a3m + 2im) (i ( dm )) ri 

Here the eigenvalues w ( m +  4) and w(nz + i) are those of the two independent oscillatom 
(1/2m)(n? + n;) and (1/2m)(zI+z:), respectively. Moreover, the parameters appearing 
in (16) come from the forms 

a1 0 0 -i/4m a3 
0 a1 0 -a3 

(174 0 0  

0 0  

(176) 
0 

A = ( .  0 0 0 0  
1/4m a3 0 -a1 
-a3 i/4m 0 0 
0 0 0 0  

a1 -2ialm 0 cia 

ffs 0. 
0 -a1 2ulm 0 

2ia1 m a1 
0 0 

-9 4 i m 3  --cud 0 -2ialm -a1 0 
0 -cis 

V =  4 ia3-u4  ff3 i 0 0 a 6  0 
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together with the consmints 

a3a3 = a m .  (18) 
2 1 al -4 = -- 

16m2 

A specific choice for satisfying these conditions in particular is 

I want to express my sincere gratitude to Professor J Beckets for interesting discussions and 
for a careful reading of this typescript 
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